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 Band topology: free fermions in a bulk band have 
protected states on the edge (topological insulators, 
Majorana chain etc.) 

 Emergent gauge fields: “anyons” in the bulk, and 
ground state degeneracy dependent upon topology 
of space. Protected edge states may or may not 
exist 

 Combination of band topology and emergent 
gauge fields lead to exotic new possibilities (non-
Abelian bulk anyons)

Topological quantum matter
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             Fermi surface reconstruction without  
              translational symmetry breaking
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Mott insulator: Triangular lattice antiferromagnet

H = J
�

�ij⇥

⌅Si · ⌅Sj

Nearest-neighbor model has non-collinear Neel order 



Spin liquid obtained in a generalized 
spin model with S=1/2 per unit cell 

=
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non-collinear Néel state

Mott insulator: Triangular lattice antiferromagnet

Z2 spin liquid
with neutral S = 1/2 spinons
and vison excitations

N. Read and S. Sachdev, Phys. Rev. Lett. 66, 1773 (1991) 
X.-G. Wen, Phys. Rev. B  44, 2664 (1991)



Excitations of the Z2 Spin liquid

=Spinon: S=1/2, charge 0 
e (boson) or ✏ (fermion) particle
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Excitations of the Z2 Spin liquid
A vison 

m (boson) particle
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• 3 non-trivial particles: e (boson), ✏ (fermion), m (boson).

• e and m are mutual ‘semions’: the e particle acquires a phase
(�1) upon encircling the m particle (and vice versa).

• ✏ and m are also mutual semions.

• The bound state e and m (if it exists) is an ✏. Fusion rule:
e⇥m = ✏.

• The bound state of ✏ and m is an e. Fusion rule: ✏⇥m = e.

• The bound state of e and ✏ is a m. Fusion rule: e⇥ ✏ = m.

• There is a 4-fold degeneracy on the torus.

• Protected edge states do not exist in general, but could ap-
pear in the presence of symmetries.
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non-collinear Néel state

Mott insulator: Triangular lattice antiferromagnet

Z2 spin liquid
with neutral S = 1/2 spinons
and vison excitations

N. Read and S. Sachdev, Phys. Rev. Lett. 66, 1773 (1991) 
X.-G. Wen, Phys. Rev. B  44, 2664 (1991)
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The Hubbard Model

First study on the triangular lattice



We use the operator equation (valid on each site i):
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In this manner, we obtain the “spin-fermion” model

Z =

Z
Dc↵D~� exp (�S)

S =
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We have exactly transformed the Hubbard model

to the “spin-fermion” model with electronic Hamil-

tonian described by electrons ci↵ on the square

or triangular lattice with dispersion

Hc = �

X

i,⇢

t⇢
⇣
c†i,↵ci+v⇢,↵

+ c†i+v⇢,↵
ci,↵

⌘

�µ
X

i

c†i,↵ci,↵ +Hint

are coupled to a magnetic moment order pa-

rameter �
p
(i), p = x, y, z

Hint = ��
X

i
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(i)c†i,↵�

p
↵�ci,� + V�

<latexit sha1_base64="QaEafyESiH/HHcLplD2kMuhT0qg="></latexit>



Gauge theory of fluctuating antiferromagnetism
For fluctuating antiferromagnetism

(spin density waves (SDW)), we transform to a ro-

tating reference frame using the SU(2) rotation Ri

✓
ci"
ci#

◆
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✓
 i,+

 i,�

◆
,

in terms of fermionic “chargons”  s and a Higgs

field H
a
(i)

�
p
�

p
(i) = Ri �

a
H

a
(i)R

†
i

The Higgs field is the SDW order in the

rotating reference frame.

We will see later that the  s are ✏ particles of the

Z2 spin liquid.
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Gauge theory of fluctuating antiferromagnetism

The SU(2) rotation Ri obeys R
†
iR = 1 and

so we write

R =

✓
z" �z⇤#
z# z⇤"

◆

The z↵ are spin S = 1/2 bosonic spinons.
We will see later that the z↵ will become
the e particles of the Z2 spin liquid.
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S. Sachdev, M. A. Metlitski, Y. Qi, and C. Xu, PRB 80, 155129 (2009)

For (fluctuating) SDW SRO, we transform to a
rotating reference frame using the SU(2) rotation Ri
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in terms of fermionic “chargons”  s and a Higgs field H
a(i)
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The Higgs field is the SDW order in the rotating reference frame.
Note that this representation is ambiguous up to a
SU(2) gauge transformation, Vi
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i .

Gauge theory of fluctuating antiferromagnetism
Field Symbol Statistics SU(2)gauge SU(2)spin U(1)e.m.charge

Electron c fermion 1 2 -1

AF order � boson 1 3 0

Chargon  fermion 2 1 -1

Spinon R or z boson 2̄ 2 0

Higgs H boson 3 1 0

TABLE I. Quantum numbers of the matter fields in L and Lg. The transformations under the SU(2)’s

are labelled by the dimension of the SU(2) representation, while those under the electromagnetic U(1)

are labeled by the U(1) charge. The antiferromagnetic spin correlations are characterized by � in (5.3).

The Higgs field determines local spin correlations via (5.12).

A summary of the charges carried by the fields in the resulting SU(2) gauge theory, Lg, is

in Table I. This rotating reference frame perspective was used in the early work by Shraiman

and Siggia on lightly-doped antiferromagnets [89, 90], although their attention was restricted to

phases with antiferromagnetic order. The importance of the gauge structure in phases without

antiferromagnetic order was clarified in Ref. [85].

Given the SU(2) gauge invariance associated with (5.6), when we express L in terms of  we

naturally obtain a SU(2) gauge theory with an emergent gauge field A
a

µ
= (Aa

⌧
,Aa), with a = 1, 2, 3.

We write the Lagrangian of the resulting gauge theory as [85–87]

Lg = L + LY + LR + LH . (5.9)

The first term for the  fermions descends directly from the Lc for the electrons
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and uses the same hopping terms for  as those for c, along with a minimal coupling to the SU(2)

gauge field. Inserting (5.6) into Lcn, we find that the resulting expression involves 2 complex Higgs

fields, Ha

x
and H

a

y
, which are SU(2) adjoints; these are defined by

H
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and similarly for Ha
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. Let us also note the inverse of (5.11)
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Gauge theory of fluctuating antiferromagnetism
The simplest e↵ective Hamiltonian for the fermionic chargons is the

same as that for the electrons, with the magnetic order replaced

by the Higgs field.
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IF we can transform to a rotating reference frame in whichH
a
(i) =

a constant independent of time, THEN the  fermions in the

presence of fluctuating magnetism will inherit the Fermi surfaces

(if present) of the electrons in the presence of static magnetism.

For insulating spin liquids, we consider the case where the chargons

are fully gapped, and there are no Fermi surfaces.
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Field Symbol Statistics SU(2)gauge SU(2)spin U(1)e.m.charge
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TABLE I. Quantum numbers of the matter fields in L and Lg. The transformations under the SU(2)’s

are labelled by the dimension of the SU(2) representation, while those under the electromagnetic U(1)

are labeled by the U(1) charge. The antiferromagnetic spin correlations are characterized by � in (5.3).

The Higgs field determines local spin correlations via (5.12).
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The Higgs phases of the SU(2) gauge theory 
can realize states with topological order. 
The topological order depends upon the 

structure of the Higgs condensate. 
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We obtain di↵erent numbers of adjoint Higgs scalars, Nh,

depending upon the spatial dependence of the local spin

correlations:

Neel correlations (un- and electron-doped cuprates):

Nh = 1,

K = (⇡,⇡),

H
a
(i) = H

a
1 (r)e

iK·ri

Coplanar spin correlations on the triangular lattice :

Nh = 2,

K = (4⇡/3, 4⇡/
p
3),

H
a
(i) = Re

�
[H

a
1 (r) + iH

a
2 (r)] e

iKx·ri
 

Bidirectional incommensurate correlations (hole doped cuprates):

Nh = 4,

Ky = (⇡,⇡ � �), Kx = (⇡ � �,⇡),

H
a
(i) = Re

�
[H

a
1 (r) + iH

a
2 (r)] e

iKx·ri + [H
a
3 (r) + iH

a
4 (r)] e

iKy·ri
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Spin liquid on the triangular lattice

SU(2) gauge theory

For the triangular lattice, Nh = 2, we define

the complex Higgs field

H
a
= H

a
1 + iH

a
2 .

The SU(2) gauge theory is

L =
1

2

��@µHa
� ✏abcA

b
µH

c
��2 + 1

4g2
F

a
µ⌫F

a
µ⌫ + V (H

a
)

<latexit sha1_base64="kCE+qJ5zDUfOizWpkNRewymccB0="></latexit>

F a
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µA

c
⌫

V (Ha) = s (Ha⇤
H

a) + u0 (H
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H

a)2 + u1 |H
a
H

a
|
2

+ u3 (H
a
H

a)3 + c.c. .
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• For u1 > 0, we obtain a Higgs phase hH
a
i / (1, i, 0)

• This corresponds to fluctuating coplanar spin configurations of the

triangular lattice.

• Although hH
a
i 6= 0, spin rotation symmetry is preserved. The gauge-

invariant observable H
a
H

a
corresponds to a charge-density-wave at

wavevector 2K, but hH
a
H

a
i = 0.

• The Higgs condensate breaks the SU(2) gauge symmetry down to a Z2

gauge symmetry (this is di↵erent from the Weinberg-Salam model):

the condensate is only invariant a gauge transformation �aHa
!

V �bHbV †
with V =

✓
�1 0

0 �1

◆
.

• The Higgs phase of the SU(2) gauge theory has finite energy Z2 vor-

tex defects (visons!) associated with ⇡1(SO(3)) = Z2. These are

analogous to Z Abrikosov vortices in the Ginzburg-Landau theory of

superconductivity
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Spin liquid on the triangular lattice
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Spin liquid on the triangular lattice
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4-fold degeneracy on the torus

Spin liquid on the triangular lattice
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ssc

non-collinear Néel state

Mott insulator: Triangular lattice antiferromagnet

Z2 spin liquid
with neutral S = 1/2 spinons
and vison excitations

A.V. Chubukov, T. Senthil and S. Sachdev, Physical Review Letters 72, 2089 (1994)

Higgs condensate hH
a
i / (1, i, 0)

Spinons R gapped hRi = 0
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Higgs condensate hH
a
i / (1, i, 0)

Spinons R condensed hRi 6= 0
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Mott insulator: Triangular lattice antiferromagnet

Field Symbol Statistics SU(2)gauge SU(2)spin U(1)e.m.charge

Electron c fermion 1 2 -1

AF order � boson 1 3 0

Chargon  fermion 2 1 -1

Spinon R or z boson 2̄ 2 0

Higgs H boson 3 1 0

TABLE I. Quantum numbers of the matter fields in L and Lg. The transformations under the SU(2)’s

are labelled by the dimension of the SU(2) representation, while those under the electromagnetic U(1)

are labeled by the U(1) charge. The antiferromagnetic spin correlations are characterized by � in (5.3).

The Higgs field determines local spin correlations via (5.12).

A summary of the charges carried by the fields in the resulting SU(2) gauge theory, Lg, is

in Table I. This rotating reference frame perspective was used in the early work by Shraiman

and Siggia on lightly-doped antiferromagnets [89, 90], although their attention was restricted to

phases with antiferromagnetic order. The importance of the gauge structure in phases without

antiferromagnetic order was clarified in Ref. [85].

Given the SU(2) gauge invariance associated with (5.6), when we express L in terms of  we

naturally obtain a SU(2) gauge theory with an emergent gauge field A
a

µ
= (Aa

⌧
,Aa), with a = 1, 2, 3.

We write the Lagrangian of the resulting gauge theory as [85–87]

Lg = L + LY + LR + LH . (5.9)

The first term for the  fermions descends directly from the Lc for the electrons
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and uses the same hopping terms for  as those for c, along with a minimal coupling to the SU(2)

gauge field. Inserting (5.6) into Lcn, we find that the resulting expression involves 2 complex Higgs

fields, Ha

x
and H
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y
, which are SU(2) adjoints; these are defined by
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and similarly for Ha
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Symmetry fractionalization in the topological phase of the spin- 1
2 J1 - J2 triangular Heisenberg model

S. N. Saadatmand* and I. P. McCulloch
ARC Centre for Engineered Quantum Systems, School of Mathematics and Physics,

The University of Queensland, St. Lucia, Queensland 4072, Australia
(Received 15 July 2016; published 13 September 2016)

Using density-matrix renormalization-group calculations for infinite cylinders, we elucidate the properties of
the spin-liquid phase of the spin- 1

2 J1-J2 Heisenberg model on the triangular lattice. We find four distinct ground
states characteristic of a nonchiral, Z2 topologically ordered state with vison and spinon excitations. We shed
light on the interplay of topological ordering and global symmetries in the model by detecting fractionalization
of time-reversal and space-group dihedral symmetries in the anyonic sectors, which leads to the coexistence of
symmetry protected and intrinsic topological order. The anyonic sectors, and information on the particle statistics,
can be characterized by degeneracy patterns and symmetries of the entanglement spectrum. We demonstrate the
ground states on finite-width cylinders are short-range correlated and gapped; however, some features in the
entanglement spectrum suggest that the system develops gapless spinonlike edge excitations in the large-width
limit.

DOI: 10.1103/PhysRevB.94.121111

Introduction. Topological phases [1– 3] are an intriguing
form of quantum matter, which have been challenging theorists
for the last two decades. Before then, it was believed that
Landau symmetry-breaking theory [4] can explain ordering
and phase transitions of matter through (spontaneous) breaking
of a Hamiltonian symmetry. However, topological phases can
preserve all symmetries and still acquire a finite energy gap.
Topological phases fall into two broad categories, “intrinsic
topological order” [3] on D ! 2 dimensional lattices, and
“symmetry protected topological” (SPT) [5,6] order, which
can also exist in one dimension (1D). For the former phase,
there is no local unitary transformation to smoothly deform
the state into a product state without passing through a phase
transition, regardless of the existence of symmetries. The
canonical example of an intrinsic topological order is the Z2
ground state of the toric code [7]. On the other hand, SPTs
are undeformable into product states only if protected by a
symmetry. The best studied example is surely the Haldane
phase of odd-integer spin chains [5,6], including the ground
state of the exactly solved Affleck-Kennedy-Lieb-Tasaki
(AKLT) [8] model. A key breakthrough was the realization that
anyonic statistics associated with intrinsic topological order
corresponds to fractionalization of symmetry. Therefore, when
intrinsic topological order is coupled with lattice symmetries,
the symmetries themselves fractionalize and lead to SPT
ordering [9– 11], which is readily detectable in many numerical
methods.

In 1973, Anderson [12] conjectured that the spin- 1
2

triangular Heisenberg model (THM) with antiferromagnetic
nearest-neighbor (NN) bonds should stabilize a resonating-
valence-bond (RVB) ground state. The failure of analytic and
numerical studies [13– 16] to find such a state motivates the
search for a minimal extension that increases the frustration
with a next-nearest-neighbor (NNN) term. The Hamiltonian is

*s.saadatmand@uq.edu.au

defined as

H = J1

∑

⟨i,j⟩
Si · Sj + J2

∑

⟨⟨i,j⟩⟩
Si · Sj , (1)

where ⟨i,j ⟩ (⟨⟨i,j ⟩⟩) indicates the sum over all NN (NNN)
bonds. We set J1 = 1 as the unit of the energy henceforth.
Previous numerical studies using a range of techniques
[15,17– 23] have suggested a spin-liquid [1,3] (SL) region,
with phase boundaries in the range of J low

2 ≈ 0.05 [18] up to
J

high
2 ≈ 0.19 [17]. Employing finite-size density-matrix renor-

malization group (DMRG) [24,25] and using fixed aspect-
ratio scaling of magnetic order parameters, we find phase
boundaries of 0.101(4) " J2 " 0.136(4), the calculation of
which will be described in more depth in a future work [26].
In this Rapid Communication, we focus on the properties
of the SL phase itself. For classical spins, the model has
a phase transition at J2 = 0.125 between two magnetically
ordered phases [14]. This point roughly coincides with the
center of the spin-liquid region for the quantum model, and
in this work we focus on J2 = 0.125. While there is nothing
forbidding the coexistence of spontaneous symmetry breaking
and topological order, the Hastings-Oshikawa-Lieb-Schultz-
Mattis theorem [27] in two dimensions (2D) states that the
absence of symmetry breaking in a spin- 1

2 system on even-
width cylinders implies that the ground state is a SL with either
gapless (algebraic) excitations, or gapped with degenerate
ground states and anyonic excitations. Thus the absence of
symmetry breaking is a sufficient (but not necessary) condition
for a SL. Previous DMRG studies [20,21] have argued for
a gapped Z2 toric-code SL, and have obtained two possible
ground states by the presence (absence) of free spins near
the boundaries of finite cylinders. However, the properties
of these states are unclear, since, depending on the sector
chosen, the state may develop chiral order [21], or breaking
of C6 rotational symmetry [20,21,28], leading to a nematic
SL. Recent studies [11,29,30] focused on the kagome lattice
show that the time-reversal symmetric Z2 SL can be fully
characterized by the symmetry properties of lattices on tori

2469-9950/2016/94(12)/121111(6) 121111-1 ©2016 American Physical Society
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anyonic statistics associated with intrinsic topological order
corresponds to fractionalization of symmetry. Therefore, when
intrinsic topological order is coupled with lattice symmetries,
the symmetries themselves fractionalize and lead to SPT
ordering [9– 11], which is readily detectable in many numerical
methods.

In 1973, Anderson [12] conjectured that the spin- 1
2

triangular Heisenberg model (THM) with antiferromagnetic
nearest-neighbor (NN) bonds should stabilize a resonating-
valence-bond (RVB) ground state. The failure of analytic and
numerical studies [13– 16] to find such a state motivates the
search for a minimal extension that increases the frustration
with a next-nearest-neighbor (NNN) term. The Hamiltonian is
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defined as

H = J1

∑

⟨i,j⟩
Si · Sj + J2

∑

⟨⟨i,j⟩⟩
Si · Sj , (1)

where ⟨i,j ⟩ (⟨⟨i,j ⟩⟩) indicates the sum over all NN (NNN)
bonds. We set J1 = 1 as the unit of the energy henceforth.
Previous numerical studies using a range of techniques
[15,17– 23] have suggested a spin-liquid [1,3] (SL) region,
with phase boundaries in the range of J low

2 ≈ 0.05 [18] up to
J

high
2 ≈ 0.19 [17]. Employing finite-size density-matrix renor-

malization group (DMRG) [24,25] and using fixed aspect-
ratio scaling of magnetic order parameters, we find phase
boundaries of 0.101(4) " J2 " 0.136(4), the calculation of
which will be described in more depth in a future work [26].
In this Rapid Communication, we focus on the properties
of the SL phase itself. For classical spins, the model has
a phase transition at J2 = 0.125 between two magnetically
ordered phases [14]. This point roughly coincides with the
center of the spin-liquid region for the quantum model, and
in this work we focus on J2 = 0.125. While there is nothing
forbidding the coexistence of spontaneous symmetry breaking
and topological order, the Hastings-Oshikawa-Lieb-Schultz-
Mattis theorem [27] in two dimensions (2D) states that the
absence of symmetry breaking in a spin- 1

2 system on even-
width cylinders implies that the ground state is a SL with either
gapless (algebraic) excitations, or gapped with degenerate
ground states and anyonic excitations. Thus the absence of
symmetry breaking is a sufficient (but not necessary) condition
for a SL. Previous DMRG studies [20,21] have argued for
a gapped Z2 toric-code SL, and have obtained two possible
ground states by the presence (absence) of free spins near
the boundaries of finite cylinders. However, the properties
of these states are unclear, since, depending on the sector
chosen, the state may develop chiral order [21], or breaking
of C6 rotational symmetry [20,21,28], leading to a nematic
SL. Recent studies [11,29,30] focused on the kagome lattice
show that the time-reversal symmetric Z2 SL can be fully
characterized by the symmetry properties of lattices on tori
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FIG. 1. Visualization of the triangular lattice on an infinite YC
structure. The size and color of the spheres indicate the long-range
correlation with the principal (gray) site. The color of the bonds
indicates the strength of the NN correlations. The average of NN
correlation is subtracted from each bond to highlight the anisotropy
pattern.

or infinite cylinders via the projective symmetry group (PSG)
classifications [1,11,29,31,32].

Method. We consider a triangular lattice structure that is
wrapped around an infinite cylinder. We employ the infinite
matrix product states (iMPS) [25,33,34] ansatz, via the
infinite DMRG (iDMRG) algorithm [25,33] with single-site
optimization [35] and utilizing SU (2) symmetry to obtain
translationally invariant variational ground states on an infinite
cylinder. We keep up to m = 5000 states, approximately
equivalent to 15 000 states of a U (1)-symmetric basis. We use
the so-called YC structure, where the infinite-length cylinder
has a circumference equal to the number of sites in the Y
direction, L y . The mapping of the MPS chain on the cylinder
is set to minimize the one-dimensional range of NN and NNN
interactions. The setup is shown in Fig. 1, indicating also
the correlations of a typical ground state. Bipartite quantities,
e.g., reduced density matrix (ρr ) and entanglement entropy
[28], are measured by defining a Y -direction cut through the
cylinder without crossing any vertical bond. The framework
of iDMRG is a natural candidate for calculating symmetry
properties, since excitations can be introduced at cylinder
edges by manipulating the symmetries of the wave function.
Unlike the case for finite systems, the “edges” are effectively
at infinity, so they do not affect the translation symmetry
of the wave function. The Z2 SL of the RVB type carries
vison excitations, and bosonic and fermionic spinons [36].
We control the even/odd parity of spinon flux in the ground
state by setting SU (2) quantum numbers (global spins, S)
to be either integers (even sector—no spinon) or odd half
integers (odd sector—with spinons) at the unit cell boundary.
We cannot directly control the vison flux through the cylinder,
so we can only obtain two ground states for each cylinder
geometry. However, for finite-L y cylinders the degeneracy is
expected to be lifted, and fortunately we find that the ground
states for different width cylinders also give the vison and
nonvison sectors, allowing us to obtain all four combinations
of even/odd spinons and the presence/absence of a vison flux.
We note that Metlitski and Grover [37] and Kolley et al. [38]
established the observation of a tower of states (TOS) in the
low-lying part of the entanglement spectrum (ES) [38,39] as
a “smoking gun” evidence for the existence of magnetically
ordered states (carrying Nambu-Goldstone excitations). We
confirm the nonmagnetic nature of the phase by the absence

of TOS in the ES, regardless of the anyon sector (see below
and also Ref. [26]).

We obtain a structure of four anyon sectors of the Z2 toric-
code-type topological order [40] that comprises the identity
î anyon (carries no spinon or vison flux), a bosonic spinon b̂
anyon (carries a S = 1

2 spin), a v̂ anyon (carries a vison and
has a π flux threading the cylinder, equivalent to possessing
antiperiodic boundary conditions in the Y direction), and
finally a fermionic spinon f̂ anyon (a composite excitation,
which carries both a S = 1

2 spin and a π flux). In this
Rapid Communication, we work in a minimally entangled
states (MES) [41,42] basis introduced in Refs. [11,30] for the
four-dimensional ground-state manifold and preserves SPT
ordering. For even-L y cylinders, each unique MES state [11]
corresponds to threading an anyonic flux in the long direction
and creating a particle/antiparticle pair of â at infinity, namely,
|Ua/ã

L y
⟩ (also denoted as the YCL y-â sector). Given a particular

MES, the action of a global symmetry group (ḡ) member #g

on the state can be considered as two independent actions
on each anyon, i.e., #g|Ua/ã

L y
⟩ = ϒg|Ua

L y
⟩ ⊗ ϒg̃|Uã

L y
⟩, where

ϒg’s are unitary operators acting on a single anyon |Ua
L y

⟩.
Anyons can fractionalize [11,29,30,32] the symmetry ḡ by
factorizing an identity member of the group (square root of ḡ).
ḡ is always a linear representation (it is describing a physical
symmetry), but ϒg’s can now form a nontrivial PSG, which
is a central extension of the original group [1]. In the MPS
representation of the ground state, the ϒg can be expressed
as operators acting on the “auxiliary” basis, i.e., the basis
of the entanglement Hamiltonian − ln(ρr ) on a bipartite cut.
Thus the existence of a PSG through measurements of ϒg’s
implies 1D SPT ordering [11], by considering rings as single
“supersites” (global symmetries along the Y direction are now
internal symmetries when viewed as a 1D chain), which is
straightforward to detect using iMPS techniques [43].

Ground-state energies. We present ground-state energies
of anyonic sectors in Fig. 2. Energies are extrapolated to the
thermodynamic limit of basis size m → ∞, using a linear fit
against the energy variance per site (see Ref. [28] for details).
We suggest that fitting against variances is the most accurate
method for extrapolating energies in DMRG (more reliable
than extrapolation with respect to the DMRG truncation error).
The different topological sectors are expected to acquire
slightly different energies on finite-width cylinders. Depending
on L y , we find that the actual ground state in the even/odd
sectors varies as to whether or not it contains a π vison
flux. In some cases, especially for smaller widths, we have
been able to construct variational wave functions in the
other sectors by manipulating the wave function (i.e., to
force a particular symmetry state), but the resulting states
are rather unstable and have considerably higher energies.
However, the overall behavior of energies indicates that the
difference between energy of even and odd sectors is rapidly
decreasing with increasing L y . This is consistent with having a
degenerate ground state in the thermodynamic limit L y → ∞.
Interestingly, there is an energy crossover between even/odd
sectors already for YC10, which makes it unreliable to estimate
an energy for the L y → ∞ limit. We note that our energies
per site for larger system widths are somewhat lower than
previously published results.
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on, inelastic neutron scattering demonstrate that there is no long-
range antiferromagnetic order for the reduced samples in the dop-
ing range from x ¼ 0:13–0.18 but that the large magnetic fluctua-
tions provide some indications of its role for a possible pairing
mechanism. Although similar studies of antiferromagnetism and
superconductivity are made difficult by the severe difficulties
encountered in their growth, a similar temperature-doping phase
diagram for the IL Sr1"xLaxCuO2 polycrystalline samples has been
gathered by Ishawata et al. [19] from a few rare data in the

literature. The phase diagram already presented in Fig. 3(a) shows
TNðxÞ behaving very similarly to the T0 phase with a very similar
sharp transition between the antiferromagnetic and the supercon-
ducting samples.

In Fig. 5, we compare the phase diagrams of the T0 phase with
that of hole-doped La2"xSrxCuO4 underlining in particular the
extent of the doping range for the antiferromagnetic phase on
the electron-doped side and the very narrow range for cerium
contents with superconductivity. One can also observe the pseu-
dogap line which will be described in Section 4.1 and a zone (in
light blue) where magnetic correlations are strong but long-range
order does not set in as will be discussed in Section 4.5. Despite
an apparent asymmetry in these phase diagrams, the most
important message of this schematic is the presence of
antiferromagnetism and superconductivity on either side, sug-
gesting that the mechanism modifying the electronic properties
and leading to superconductivity is most probably the same for
both types of doping. Of course, there are many differences in
these phase diagrams: for example, the pseudogap signatures in
the physical properties are quite different in electron- and hole-
doped cuprates. There are solid evidence of two-band-like beha-
viours in the transport properties of electron-doped cuprates
while only hole-type carriers are observed for hole-doped cup-
rates (except at very large doping [30]). Moreover, hole-doped
cuprates present a wealth of electronic phases like stripe order,
charge-density waves, . . .[1] that have not yet been confirmed
in electron-doped cuprates and may be absent (and perhaps
irrelevant for the mechanism of superconductivity).

We should underline that Sr in SrCuO2 can be substituted by iso-
valent Ca as shown first by Siegrist et al. [31]. In fact, it was the first
report on the growth of the IL structure in the Sr1"yCayCuO2 system
as the addition of Ca allows one to stabilize the IL crystal structure
and favour the growth of small Ca0.86Sr0.14CuO2 single crystals. We
should underline also that CaCuO2 do exists in the IL structure and
has been inserted successfully in (CaCuO2)n/(SrTiO3)m and
(SrCuO2)n/(BaCuO2)m heterostructures with surprising results like
superconductivity up to 70 K [32,33].

3. Growth and reduction

The growth of T0 and IL electron-doped cuprates is generally
complicated by the stability of other related oxide phases that
compete in the temperature-composition phase diagram.3 These
oxide phases can even be intercalated in the bulk as an epitaxial
layer and are difficult to eliminate completely. In fact, in some
instances, they may appear during the post-annealing process.
Unfortunately, these competing phases can lead to many erroneous
conclusions on the physical properties and extra care has been taken
in recent years to improve the quality of the materials. Moreover, the
post-annealing required for the reduction is tricky as it involves
removing a tiny amount of oxygen in conditions approaching the
decomposition line of the phase. In here, we will simply enumerate
separately the typical route used to grow high quality single crys-
talline samples for the T0 and IL compounds, namely single crystals
and epitaxial thin films. We will then discuss the reduction condi-
tions and the resulting structural impacts.

3.1. T0 single crystal growth

Single crystals of the T0 phase have mostly been grown success-
fully by two different methods: in-flux solidification and travelling-
solvent floating zone (TSFZ). The first group of techniques involves
the directional growth of millimeter size high-quality single crystals

Fig. 4. (a) Temperature-doping phase diagram of Nd2"xCexCuO4 polycrystalline
samples obtained by muon spin resonance [2] showing the Néel temperature TN

and the superconducting transition Tc as a function of doping. (b) Temperature-
doping phase diagram for as-grown (solid circles) and reduced (open symbols)
Nd2"xCexCuO4 single crystals. The solid grey circles result from a shift assuming that
oxygen removal provides additional carriers (electrons). Adapted from Ref. [29].

Fig. 5. Schematic of the phase diagrams comparing hole-doped La2"xSrxCuO4 and
electron-doped Ln2"xCexCuO4. The diagram shows the doping range for supercon-
ductivity (in red), antiferromagnetism (in blue) and T%ðxÞ as the pseudogap line
(Section 4.1). In the light blue region above the superconducting dome, strong
magnetic correlations without long-range order persist (Section 4.5). Adapted from
Ref. [6]. (For interpretation of the references to colour in this figure legend, the
reader is referred to the web version of this article.)

3 In the case of thin films, the growth phase diagram involves also oxygen pressure.
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on, inelastic neutron scattering demonstrate that there is no long-
range antiferromagnetic order for the reduced samples in the dop-
ing range from x ¼ 0:13–0.18 but that the large magnetic fluctua-
tions provide some indications of its role for a possible pairing
mechanism. Although similar studies of antiferromagnetism and
superconductivity are made difficult by the severe difficulties
encountered in their growth, a similar temperature-doping phase
diagram for the IL Sr1"xLaxCuO2 polycrystalline samples has been
gathered by Ishawata et al. [19] from a few rare data in the

literature. The phase diagram already presented in Fig. 3(a) shows
TNðxÞ behaving very similarly to the T0 phase with a very similar
sharp transition between the antiferromagnetic and the supercon-
ducting samples.

In Fig. 5, we compare the phase diagrams of the T0 phase with
that of hole-doped La2"xSrxCuO4 underlining in particular the
extent of the doping range for the antiferromagnetic phase on
the electron-doped side and the very narrow range for cerium
contents with superconductivity. One can also observe the pseu-
dogap line which will be described in Section 4.1 and a zone (in
light blue) where magnetic correlations are strong but long-range
order does not set in as will be discussed in Section 4.5. Despite
an apparent asymmetry in these phase diagrams, the most
important message of this schematic is the presence of
antiferromagnetism and superconductivity on either side, sug-
gesting that the mechanism modifying the electronic properties
and leading to superconductivity is most probably the same for
both types of doping. Of course, there are many differences in
these phase diagrams: for example, the pseudogap signatures in
the physical properties are quite different in electron- and hole-
doped cuprates. There are solid evidence of two-band-like beha-
viours in the transport properties of electron-doped cuprates
while only hole-type carriers are observed for hole-doped cup-
rates (except at very large doping [30]). Moreover, hole-doped
cuprates present a wealth of electronic phases like stripe order,
charge-density waves, . . .[1] that have not yet been confirmed
in electron-doped cuprates and may be absent (and perhaps
irrelevant for the mechanism of superconductivity).

We should underline that Sr in SrCuO2 can be substituted by iso-
valent Ca as shown first by Siegrist et al. [31]. In fact, it was the first
report on the growth of the IL structure in the Sr1"yCayCuO2 system
as the addition of Ca allows one to stabilize the IL crystal structure
and favour the growth of small Ca0.86Sr0.14CuO2 single crystals. We
should underline also that CaCuO2 do exists in the IL structure and
has been inserted successfully in (CaCuO2)n/(SrTiO3)m and
(SrCuO2)n/(BaCuO2)m heterostructures with surprising results like
superconductivity up to 70 K [32,33].

3. Growth and reduction

The growth of T0 and IL electron-doped cuprates is generally
complicated by the stability of other related oxide phases that
compete in the temperature-composition phase diagram.3 These
oxide phases can even be intercalated in the bulk as an epitaxial
layer and are difficult to eliminate completely. In fact, in some
instances, they may appear during the post-annealing process.
Unfortunately, these competing phases can lead to many erroneous
conclusions on the physical properties and extra care has been taken
in recent years to improve the quality of the materials. Moreover, the
post-annealing required for the reduction is tricky as it involves
removing a tiny amount of oxygen in conditions approaching the
decomposition line of the phase. In here, we will simply enumerate
separately the typical route used to grow high quality single crys-
talline samples for the T0 and IL compounds, namely single crystals
and epitaxial thin films. We will then discuss the reduction condi-
tions and the resulting structural impacts.

3.1. T0 single crystal growth

Single crystals of the T0 phase have mostly been grown success-
fully by two different methods: in-flux solidification and travelling-
solvent floating zone (TSFZ). The first group of techniques involves
the directional growth of millimeter size high-quality single crystals

Fig. 4. (a) Temperature-doping phase diagram of Nd2"xCexCuO4 polycrystalline
samples obtained by muon spin resonance [2] showing the Néel temperature TN

and the superconducting transition Tc as a function of doping. (b) Temperature-
doping phase diagram for as-grown (solid circles) and reduced (open symbols)
Nd2"xCexCuO4 single crystals. The solid grey circles result from a shift assuming that
oxygen removal provides additional carriers (electrons). Adapted from Ref. [29].

Fig. 5. Schematic of the phase diagrams comparing hole-doped La2"xSrxCuO4 and
electron-doped Ln2"xCexCuO4. The diagram shows the doping range for supercon-
ductivity (in red), antiferromagnetism (in blue) and T%ðxÞ as the pseudogap line
(Section 4.1). In the light blue region above the superconducting dome, strong
magnetic correlations without long-range order persist (Section 4.5). Adapted from
Ref. [6]. (For interpretation of the references to colour in this figure legend, the
reader is referred to the web version of this article.)

3 In the case of thin films, the growth phase diagram involves also oxygen pressure.
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on, inelastic neutron scattering demonstrate that there is no long-
range antiferromagnetic order for the reduced samples in the dop-
ing range from x ¼ 0:13–0.18 but that the large magnetic fluctua-
tions provide some indications of its role for a possible pairing
mechanism. Although similar studies of antiferromagnetism and
superconductivity are made difficult by the severe difficulties
encountered in their growth, a similar temperature-doping phase
diagram for the IL Sr1"xLaxCuO2 polycrystalline samples has been
gathered by Ishawata et al. [19] from a few rare data in the

literature. The phase diagram already presented in Fig. 3(a) shows
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doped cuprates. There are solid evidence of two-band-like beha-
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should underline also that CaCuO2 do exists in the IL structure and
has been inserted successfully in (CaCuO2)n/(SrTiO3)m and
(SrCuO2)n/(BaCuO2)m heterostructures with surprising results like
superconductivity up to 70 K [32,33].

3. Growth and reduction

The growth of T0 and IL electron-doped cuprates is generally
complicated by the stability of other related oxide phases that
compete in the temperature-composition phase diagram.3 These
oxide phases can even be intercalated in the bulk as an epitaxial
layer and are difficult to eliminate completely. In fact, in some
instances, they may appear during the post-annealing process.
Unfortunately, these competing phases can lead to many erroneous
conclusions on the physical properties and extra care has been taken
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post-annealing required for the reduction is tricky as it involves
removing a tiny amount of oxygen in conditions approaching the
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and epitaxial thin films. We will then discuss the reduction condi-
tions and the resulting structural impacts.
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on, inelastic neutron scattering demonstrate that there is no long-
range antiferromagnetic order for the reduced samples in the dop-
ing range from x ¼ 0:13–0.18 but that the large magnetic fluctua-
tions provide some indications of its role for a possible pairing
mechanism. Although similar studies of antiferromagnetism and
superconductivity are made difficult by the severe difficulties
encountered in their growth, a similar temperature-doping phase
diagram for the IL Sr1"xLaxCuO2 polycrystalline samples has been
gathered by Ishawata et al. [19] from a few rare data in the

literature. The phase diagram already presented in Fig. 3(a) shows
TNðxÞ behaving very similarly to the T0 phase with a very similar
sharp transition between the antiferromagnetic and the supercon-
ducting samples.

In Fig. 5, we compare the phase diagrams of the T0 phase with
that of hole-doped La2"xSrxCuO4 underlining in particular the
extent of the doping range for the antiferromagnetic phase on
the electron-doped side and the very narrow range for cerium
contents with superconductivity. One can also observe the pseu-
dogap line which will be described in Section 4.1 and a zone (in
light blue) where magnetic correlations are strong but long-range
order does not set in as will be discussed in Section 4.5. Despite
an apparent asymmetry in these phase diagrams, the most
important message of this schematic is the presence of
antiferromagnetism and superconductivity on either side, sug-
gesting that the mechanism modifying the electronic properties
and leading to superconductivity is most probably the same for
both types of doping. Of course, there are many differences in
these phase diagrams: for example, the pseudogap signatures in
the physical properties are quite different in electron- and hole-
doped cuprates. There are solid evidence of two-band-like beha-
viours in the transport properties of electron-doped cuprates
while only hole-type carriers are observed for hole-doped cup-
rates (except at very large doping [30]). Moreover, hole-doped
cuprates present a wealth of electronic phases like stripe order,
charge-density waves, . . .[1] that have not yet been confirmed
in electron-doped cuprates and may be absent (and perhaps
irrelevant for the mechanism of superconductivity).

We should underline that Sr in SrCuO2 can be substituted by iso-
valent Ca as shown first by Siegrist et al. [31]. In fact, it was the first
report on the growth of the IL structure in the Sr1"yCayCuO2 system
as the addition of Ca allows one to stabilize the IL crystal structure
and favour the growth of small Ca0.86Sr0.14CuO2 single crystals. We
should underline also that CaCuO2 do exists in the IL structure and
has been inserted successfully in (CaCuO2)n/(SrTiO3)m and
(SrCuO2)n/(BaCuO2)m heterostructures with surprising results like
superconductivity up to 70 K [32,33].

3. Growth and reduction

The growth of T0 and IL electron-doped cuprates is generally
complicated by the stability of other related oxide phases that
compete in the temperature-composition phase diagram.3 These
oxide phases can even be intercalated in the bulk as an epitaxial
layer and are difficult to eliminate completely. In fact, in some
instances, they may appear during the post-annealing process.
Unfortunately, these competing phases can lead to many erroneous
conclusions on the physical properties and extra care has been taken
in recent years to improve the quality of the materials. Moreover, the
post-annealing required for the reduction is tricky as it involves
removing a tiny amount of oxygen in conditions approaching the
decomposition line of the phase. In here, we will simply enumerate
separately the typical route used to grow high quality single crys-
talline samples for the T0 and IL compounds, namely single crystals
and epitaxial thin films. We will then discuss the reduction condi-
tions and the resulting structural impacts.

3.1. T0 single crystal growth

Single crystals of the T0 phase have mostly been grown success-
fully by two different methods: in-flux solidification and travelling-
solvent floating zone (TSFZ). The first group of techniques involves
the directional growth of millimeter size high-quality single crystals

Fig. 4. (a) Temperature-doping phase diagram of Nd2"xCexCuO4 polycrystalline
samples obtained by muon spin resonance [2] showing the Néel temperature TN

and the superconducting transition Tc as a function of doping. (b) Temperature-
doping phase diagram for as-grown (solid circles) and reduced (open symbols)
Nd2"xCexCuO4 single crystals. The solid grey circles result from a shift assuming that
oxygen removal provides additional carriers (electrons). Adapted from Ref. [29].

Fig. 5. Schematic of the phase diagrams comparing hole-doped La2"xSrxCuO4 and
electron-doped Ln2"xCexCuO4. The diagram shows the doping range for supercon-
ductivity (in red), antiferromagnetism (in blue) and T%ðxÞ as the pseudogap line
(Section 4.1). In the light blue region above the superconducting dome, strong
magnetic correlations without long-range order persist (Section 4.5). Adapted from
Ref. [6]. (For interpretation of the references to colour in this figure legend, the
reader is referred to the web version of this article.)

3 In the case of thin films, the growth phase diagram involves also oxygen pressure.
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We have exactly transformed the Hubbard model

to the “spin-fermion” model with electronic Hamil-

tonian described by electrons ci↵ on the square

or triangular lattice with dispersion

Hc = �

X

i,⇢

t⇢
⇣
c†i,↵ci+v⇢,↵

+ c†i+v⇢,↵
ci,↵

⌘

�µ
X

i

c†i,↵ci,↵ +Hint

are coupled to a magnetic moment order pa-

rameter �
p
(i), p = x, y, z

Hint = ��
X

i

�
p
(i)c†i,↵�

p
↵�ci,� + V�
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Fermi surface+antiferromagnetism

The electron spin polariza-
tion obeys

D
~�(r, ⌧)

E
= ~N eiK·r

where K = (⇡,⇡) is the or-
dering wavevector.
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Fermi surface+antiferromagnetism

In momentum space, the coupling between ~N and the electrons
takes the form

Hint = �
X

k,q,↵,�

~Nq · c†k+q,↵~�↵�ck+K,�

where ~� are the Pauli matrices, the boson momentum q is small,
while the fermion momenum k extends over the entire Brillouin
zone. In the antiferromagnetically ordered state, we may take
~N / (0, 0, 1) , and the electron dispersions obtained by diago-
nalizing Hc +Hint are

Ek± =
"k + "k+K

2
±

s✓
"k � "k+K

2

◆2

+ �2| ~N|2

This leads to the Fermi surfaces shown in the following slides
as a function of increasing | ~N|.
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Fermi surfaces translated by K = (�,�).

Fermi surface+antiferromagnetism
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Fermi surface+antiferromagnetism

Electron and hole pockets in
antiferromagnetic phase with h~�i 6= 0
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Square lattice Hubbard model with hole doping
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surface
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Metal with 
electron and 
hole pockets

Metal with 
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and smalland large

h~�i 6= 0
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Square lattice Hubbard model with electron doping
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FIG. 2 (color). (a) EDCs in-
tegrated in a region near the
!p"2, p"2# position. (b) EDCs
integrated in a region near the
!p , 0.3p# position. (c), (d), and
(e) EDCs from around the puta-
tive LDA Fermi surface for x !
0.04, 0.10, and 0.15 samples, re-
spectively.

spectral weight that develops along the zone diagonal for
the x ! 0.04 sample is gapped by $150 meV. This is
in contrast to near !p, 0.3p# [Fig. 2(b)], where there is
spectral weight at EF for x ! 0.04 doping levels. For x !
0.10, the zone diagonal spectral weight has moved closer
to EF and even stronger EF intensity has formed near
!p, 0.3p#. A weak dispersion is evident along the zone di-
agonal for the x ! 0.10 sample (not shown). At x ! 0.15
there is large near-EF weight and a strong dispersion
throughout the zone as detailed in our previous work
[14,15]. The small chemical potential shift !$150 meV#
seen by x-ray photoemission spectroscopy in NCCO by
Harima et al. [17] in this doping range is consistent with
our result where it appears that the band at !p, 0# moves
on order of this amount when doping from x ! 0 to
x ! 0.15.

Following our previous analysis of the optimally doped
compound [14], we construct Fermi surfaces by integrating
EDCs in a small window about EF !240 meV, 120 meV#
and plotting this quantity as a function of "k (Fig. 3). Con-
sistent with the above observation that spectral weight
along the zone diagonal is gapped for x ! 0.04, one can
see that it is only the states at !p, 0# that can contribute
to low-energy properties. Here, a Fermi “patch” indicates
that there is an extremely low-energy shallow band in this
part of the Brillouin zone. At x ! 0.10, weight at EF with
low intensity begins to appear near the zone diagonal. Near
!p, 0#, the “band” becomes deeper and the Fermi patch
becomes a Fermi surface. At x ! 0.15, the zone diago-
nal region has become intense. The full Fermi surface has
formed and only in the intensity-suppressed regions near
!0.65p, 0.3p# (and its symmetry-related points) at the in-
tersection of the Fermi surface with the antiferromagnetic
Brillouin zone boundary does the underlying Fermi surface
retain its anomalous properties [14].

We can gain more insight by looking at plots of the
EDCs around the putative LDA Fermi surface, as shown in
Figs. 2(c)–2(e). In Fig. 2(c), for x ! 0.04, a large broad
feature is gapped by $150 meV near the zone-diagonal re-
gion. As one proceeds around the ostensible LDA Fermi
surface, the high-energy feature loses spectral weight and

may disappear, while another feature pushes up at EF. It is
this second component that contacts EF near !p, 0.3p# to
form the small Fermi surface (FS) for the x ! 0.04 sample.
Similar behavior is seen in the x ! 0.10 and 0.15 plots;
the lowest-energy features become progressively sharper,
closer to and upon entering the metallic state. The fact
that there are two components supports our conjecture
that at low dopings the material can be characterized by a
small FS or electron pocket around !p, 0# (volume consis-
tent with x ! 0.04) with doping-induced spectral weight
at higher energy elsewhere in the zone. As the carrier con-
centration is increased, the !p, 0# FS deforms and a new
FS segment emerges. It derives from the diagonal fea-
ture progressively moving to EF, as seen by comparing
the bottom EDCs of Figs. 2(c)–2(e). These two segments
connect to form the LDA-like Fermi surface with volume
1.12 6 0.05.
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FIG. 3 (color). Fermi surface plots: (a) x ! 0.04, (b) x !
0.10, and (c) x ! 0.15. EDCs integrated in a 60 meV window
!240 meV, 120 meV# plotted as a function of "k. Data were
typically taken in the displayed upper octant and symmetrized
across the zone diagonal. (d) Panels showing doping dependent
“band structure.” Features are plotted for the doping levels and
momentum space regions where they can be resolved. We do
not include the slight low-energy shoulder of the x ! 0 sample,
as this is probably reflective of a small intrinsic doping level.
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Doping Dependence of an n-Type Cuprate Superconductor Investigated by 

Angle-Resolved Photoemission Spectroscopy

Nd2�xCexCuO4±�
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Electron doped cuprates



                                PNAS 116, 3449 (2019)                                                              
Fermi surface reconstruction in electron-doped cuprates  
without antiferromagnetic long-range order
Junfeng He, C. R. Rotundu, M. S. Scheurer, Y. He, M. Hashimoto, K. Xu,    
Y. Wang, E. W. Huang, T. Jia, S.-D. Chen, B. Moritz, D.-H. Lu, Y. S. Lee,         
T. P. Devereaux and Z.-X. Shen

• New photoemission measurements at zero magnetic
field show Fermi surfaces in quantitative agreement
with quantum oscillation measurements.

• The energy gap between the electron and hole pock-
ets collapses near x = 0.17 like an order parameter.

• “The totality of the data points to a mysterious or-
der between x = 0.14 and x = 0.17, whose appear-
ance favors the FS reconstruction and disappearance
defines the quantum critical doping. A recent topo-
logical proposal provides an ansatz for its origin.”
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S. Sachdev, M. A. Metlitski, Y. Qi, and C. Xu, PRB 80, 155129 (2009)

Gauge theory of fluctuating antiferromagnetism
The simplest e↵ective Hamiltonian for the fermionic chargons is the

same as that for the electrons, with the magnetic order replaced

by the Higgs field.

H = �
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Hint = ��
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�
a

ss0 i,s0 + VH

IF we can transform to a rotating reference frame in whichH
a
(i) =

a constant independent of time, THEN the  fermions in the

presence of fluctuating magnetism will inherit the Fermi surfaces

(if present) of the electrons in the presence of static magnetism.

For the electron-doped cuprates, the chargons acquire the small,

reconstructed Fermi surfaces of the doped antiferromagnet.
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We obtain di↵erent numbers of adjoint Higgs scalars, Nh,

depending upon the spatial dependence of the local spin

correlations:

Neel correlations (un- and electron-doped cuprates):

Nh = 1,

K = (⇡,⇡),

H
a
(i) = H

a
1 (r)e

iK·ri

Coplanar spin correlations on the triangular lattice :

Nh = 2,

K = (4⇡/3, 4⇡/
p
3),
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Bidirectional incommensurate correlations (hole doped cuprates):

Nh = 4,

Ky = (⇡,⇡ � �), Kx = (⇡ � �,⇡),
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Figure 1 | Fermi surface reconstruction in optimal-doped NCCO. a, Schematic diagram of a 238 
reconstructed Fermi surface with electron-like pockets near antinode and hole-like pockets near 239 
node. The dashed lines indicate the antiferromagnetic Brillouin zone. b, Schematic band dispersion 240 
along a momentum cut on the electron-like pocket (near hotspot), marked by the red arrow in (a). 241 
The original dispersion is split into conduction and valence bands by an AFM energy gap. The 242 
reconstructed bands bend back at the AFMZB. c, Schematic band dispersion along a momentum cut 243 
on the hole-like pocket (nodal cut), marked by the blue arrow in (a). The AFM energy gap is slightly 244 
above EF, but the folded band (back-bent hole band) disperses below EF. The gray (dashed) line in 245 
(b,c) represents the original (folded) band.  d-f, the same as a-c, but for the original Fermi surface 246 
without reconstruction. g-i, Photoemission intensity plot (g), second derivative image with respect 247 
to energy (h) and raw energy distribution curves (EDCs) (i) for optimal-doped NCCO, measured along 248 
a momentum cut on the electron-like pocket (near hotspot, labelled by the red arrow in the inset of 249 
h). Conduction and valence bands extracted from the EDCs (blue triangles in i) are also presented in 250 
g (black circles) and h (white circles). The EDC at the AFMZB is shown in red (i). The main band and 251 
folded band are marked by “MB” and “FB”, respectively. j-l, the same as g-i, but for the nodal cut 252 
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Spectral function of SU(2) gauge theory with topological order 

      Gap opening and back bending of the bands can be obtained in the absence of long-range order 

and translational symmetry breaking if the system exhibits topological order1,2. Fig. 7 shows an 

example of the calculated spectral function of an SU(2) gauge theory of fluctuating 

antiferromagnetism within the formalism of Ref. 2 for the parameters relevant to our experiments 

on NCCO.  

      The gap opening, band folding and back bending in the simulated spectral function are similar to 

those observed by ARPES, but there are also additional weak features inside the gap which are not 

visible in the experimental data.  

 

Figure 7 | Spectrum of SU(2) gauge theory with topological order. Spectral function 𝐴𝜔(𝑘) (b) 

along a momentum cut through the electron-like pocket (a). The parameters used in the simulation 

are: |𝐻0| = 0.06𝑡0 , 𝑇 = 0.006𝑡0 , Δ = 0.002𝑡0 , t0
′ = −0.45𝑡0 , 𝐽 = 0.1𝑡0 , 𝜂 = 0.003 𝑡0 , 𝑡 = 𝑍𝑡0 =

380meV and doping level of 𝑥 = 0.15. Please refer to Ref. 2 for the SU(2) gauge theory and the 

physical meaning of the parameters. 

Reference:  

1. Sachdev, S., Topological order and Fermi surface reconstruction. arXiv: 1801.01125v3 (2018). 

2. Scheurer, M. S. et al. Topological order in the pseudogap metal.  Proc. Nat. Acad. Sci. 115, 

E3665-E3672 (2018). 

9 
 

 237 

Figure 1 | Fermi surface reconstruction in optimal-doped NCCO. a, Schematic diagram of a 238 
reconstructed Fermi surface with electron-like pockets near antinode and hole-like pockets near 239 
node. The dashed lines indicate the antiferromagnetic Brillouin zone. b, Schematic band dispersion 240 
along a momentum cut on the electron-like pocket (near hotspot), marked by the red arrow in (a). 241 
The original dispersion is split into conduction and valence bands by an AFM energy gap. The 242 
reconstructed bands bend back at the AFMZB. c, Schematic band dispersion along a momentum cut 243 
on the hole-like pocket (nodal cut), marked by the blue arrow in (a). The AFM energy gap is slightly 244 
above EF, but the folded band (back-bent hole band) disperses below EF. The gray (dashed) line in 245 
(b,c) represents the original (folded) band.  d-f, the same as a-c, but for the original Fermi surface 246 
without reconstruction. g-i, Photoemission intensity plot (g), second derivative image with respect 247 
to energy (h) and raw energy distribution curves (EDCs) (i) for optimal-doped NCCO, measured along 248 
a momentum cut on the electron-like pocket (near hotspot, labelled by the red arrow in the inset of 249 
h). Conduction and valence bands extracted from the EDCs (blue triangles in i) are also presented in 250 
g (black circles) and h (white circles). The EDC at the AFMZB is shown in red (i). The main band and 251 
folded band are marked by “MB” and “FB”, respectively. j-l, the same as g-i, but for the nodal cut 252 
(labelled by the blue arrow in the inset of h).  253 
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Topological quantum matter

 Emergent gauge fields are obtained by 
transformations to a “rotating reference frame”. 

 SU(2) gauge theory Higgsed down to Z2 yields 
quantum phases with Z2 topological order  

 Theory of fluctuating antiferromagnetism in the 
electron-doped cuprates. Found a metallic state 
with topological order, reconstructed Fermi 
surfaces, and violation of the Luttinger theorem. 
This phase can explain recent photoemission 
experiments near optimal doping.
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