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Classical Dynamics and Quantum Entanglement
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Understanding the qualitative dynamical behaviour 

of quantum systems is of fundamental importance 

in a variety of fields

Quantum dynamical complexity:

-Lack of simple description of dynamical  evolution

-Loss of predictability using  classical simulations
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Quantum + chaos

Entanglement
Decoherence

Main features of QM: discrete phase space and inteference

Complexity

Dynamical stability

reversibility

Complexity
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G.C.,   B. Chirikov

“Quantum chaos”

Cambridge Univ. press

1995
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How to characterize the complexity of a 

quantum state?

The notion of complexity in classical mechanics

cannot be directly transferred to quantum 

Mechanics (no notion of trajectories)

-
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How to characterize the complexity of a 

quantum state?

The notion of complexity in classical mechanics

cannot be directly transferred to quantum 

Mechanics (no notion of trajectories)

-Provide a unified description for one and many-body q.s.
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How to characterize the complexity of a 

quantum state?

The notion of complexity in classical mechanics

cannot be directly transferred to quantum 

Mechanics (no notion of trajectories)

-Provide a unified description for one and many-body q.s.

- Reproduce, in the classical limit, the notion of classical 

complexity
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How to characterize the complexity of a 

quantum state?

The notion of complexity in classical mechanics

cannot be directly transferred to quantum 

Mechanics (no notion of trajectories)

-Provide a unified description for one and many-body q.s.

- Reproduce, in the classical limit, the notion of classical 

complexity

- Applicable to pure  and mixed states
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How to characterize the complexity of a 

quantum state?

The notion of complexity in classical mechanics

cannot be directly transferred to quantum 

Mechanics (no notion of trajectories)

-Provide a unified description for one and many-body q.s.

- Reproduce, in the classical limit, the notion of classical 

complexity

- Applicable to pure  and mixed states

-Pratically useful: convenient for empirical test
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How to characterize the complexity of a 

quantum state?

The notion of complexity in classical mechanics

cannot be directly transferred to quantum 

Mechanics (no notion of trajectories)

-Provide a unified description for one and many-body q.s.

- Reproduce, in the classical limit, the notion of classical 

complexity

- Applicable to pure  and mixed states

-Pratically useful: convenient for empirical test

The phase space approach can be used for both 

classical and quantum mechanics.

Compare phase space distributions
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HYDROGEN ATOM IN EXTERNAL MICROWAVE FIELD

classical

quantum

Time of reversal

prl 56, 2437 (1986)

classical

quantum
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HYDROGEN ATOM IN EXTERNAL MICROWAVE FIELD

classical

quantum

Time of reversal

prl 56, 2437 (1986)

quantum
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HYDROGEN ATOM IN EXTERNAL MICROWAVE FIELD

classical

quantum

Time of reversal

prl 56, 2437 (1986)
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In classical mechanics the number of Fourier 

components of the classical distribution function in

phase space grows, in time:

- linearly for integrable systems

- exponentially for chaotic systems, 

The growth rate of the number of harmonics-which is

determined by Lyapunov exponent- is a measure of 

classical complexity.(smaller and smaller scales are 

explored exponentially fast with time).
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Let us consider the number of angular harmonics, 

that is the number of terms with appreciable 

large  amplitudes                     

in the expansion of the classical distribution 

function

over the eigenfunctions of the angular  momentum

operator

The number grows exponentially
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The number of  harmonics of the Wigner 

function is the natural quantity to measure 

the complexity of a  quantum state

the number of the components of the Wigner 

function at any given time is related to the 

degree of excitation of the system. 

Unrestricted growth of this number is not 

physical
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Such exponential growth cannot take place in

quantum mechanics: the Fourier components of 

the Wigner function are related to expectation

values of physical observables (Chirikov et al

1981)
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Write the hamiltonian in terms of a set of bosonic

creation-annihilation operators:

number operators

Quantum dynamics in phase space

Allows to compare evolution of Wigner function

with classical evolution of phase space density
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Example: a kicked quartic oscillator model

Classical

Hamiltonian
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Integrable case
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Ising chain of N spins in a tilted magnetic field

Pauli operators

fields amplitudes along x and z

Many-body quantum systems
Clic

k t
o BUY NOW!PD

F-XChange Editor

w
w

w.tracker-software
.c

om Clic
k t

o BUY NOW!PD

F-XChange Editor

w
w

w.tracker-software

.c
om

http://www.tracker-software.com/product/pdf-xchange-viewer
http://www.tracker-software.com/product/pdf-xchange-viewer


Using Schwinger boson representation the spin Hamiltonian

is mapped onto an interacting boson Hamiltonian
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Maximum value S= N ln(2)
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Chain of N=10 spins

Maximum value

S = N ln(2)
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A state in       is entangled or non separable if it cannot be

written as a simple tensor product  of a state

belonging to           and a state             belonging to

Lack of distinction between integrable and 

non-integrable is it due to entanglement  generation?Clic
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A state in       is entangled or non separable if it cannot be

written as a simple tensor product  of a state

belonging to           and a state             belonging to

Lack of distinction between integrable and 
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compare S(t) with the so-called

Global entanglement
Clic

k t
o BUY NOW!PD

F-XChange Editor

w
w

w.tracker-software
.c

om Clic
k t

o BUY NOW!PD

F-XChange Editor

w
w

w.tracker-software

.c
om

http://www.tracker-software.com/product/pdf-xchange-viewer
http://www.tracker-software.com/product/pdf-xchange-viewer


Chain of 10 spins

hx= 0.8

The entropy measure

(related to phase space

complexity)

reflects the degree of

multipartite entanglement

Non

Int.

Int.
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Transverse Ising chain

S(t) near a quantum critical point

critical point
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A measure of growth rate

of number of harmonics

exhibits a sharp peak at

λ =1/2 

Transverse Ising chain

S(t) near a quantum critical point

critical point
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-We propose an entropy measure S(t) for many-body

quantum dynamical complexity

-The measure is illustrated in the example of the Ising

chain in a homogeneous tilted magnetic field.

-in both integrable and chaotic regimes the number of

harmonics of the Wigner function grows exponentially

with time.

The observed exponential growth of Wigner 

harmonics in the many-body quantum integrable 

regime must be attributed to a source of complexity 

absent in classical dynamics, that is, entanglement
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Classical Dynamics and Quantum Entanglement
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Nature  461, 768 (2009)

Entanglement and classical dynamics

“…present experimental evidence for dynamical

entanglement as a signature of chaos” 
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Nature  461, 768 (2009)

Entanglement and classical dynamics

“…present experimental evidence for dynamical

entanglement as a signature of chaos” 
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Kiched top  

a spin F governed by:

Spin angolar momentum of a single Cs atom in the F=3 

hyperfine ground state.
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The atomic spin is the sum of electron and nuclear

spins   F=S+I 

= Reduced density operator for the electron spin
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“….This is the first experimental evidence that  the

purely quantum property of entanglement  is a good

signature of classical chaos.” Nature  461, 768 (2009)

= Reduced density operator for the electron spinClic
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The Toda lattice
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Integrable

m1 =m2=1

Mixed phase space

m1 = 1, m2=0.54

E=7
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E=7 h= 0.2

Starting from an inital coherent ,separable, state fo the 

two particles                             we compute Clic
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E=7

Integrable

h= 0.2

Chaotic
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E=7

Integrable

Chaotic

h= 0.1

h=0.2
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E=7

Integrable

h= 0.0375

h= 0.1

h=0.2

Chaotic
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The system

of two identical harmonic oscillators in a pure state

ground state

1° excited state

Has entanglement entropy S = ln(2) independently 

on the value of h even though in the limit h → 0 its 

Wigner function tends to a Dirac δ function in the 

origin.
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Coarse-grained classical entropy

We integrate classical eqs. for M=10^6 orbits starting

at t=0, with the same initial conditions (gaussian 

density of initial points).

is the number of orbits which fall in the cell i of 

the two-dimensional grid corresponding to

particle 1, at time t.

The four dim. ensemble thus obtained is projected

onto reduced (q1,p1) plane 

We divide the two- dim. phase space in square 

cells of size 
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Integrable

Chaotic

Coarse-grained classical entropy

E=7
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Integrable

Chaotic

h= 0.0375

h= 0.1

h=0.2

E=7

classical
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the projection of each invariant torus on the (q1, p1) 

plane has caustics at its boundaries,  because there 

the tangent plane of the torus is ”vertical

Clic
k t

o BUY NOW!PD
F-XChange Editor

w
w

w.tracker-software
.c

om Clic
k t

o BUY NOW!PD

F-XChange Editor

w
w

w.tracker-software

.c
om

http://www.tracker-software.com/product/pdf-xchange-viewer
http://www.tracker-software.com/product/pdf-xchange-viewer


Clic
k t

o BUY NOW!PD
F-XChange Editor

w
w

w.tracker-software
.c

om Clic
k t

o BUY NOW!PD

F-XChange Editor

w
w

w.tracker-software

.c
om

http://www.tracker-software.com/product/pdf-xchange-viewer
http://www.tracker-software.com/product/pdf-xchange-viewer


Clic
k t

o BUY NOW!PD
F-XChange Editor

w
w

w.tracker-software
.c

om Clic
k t

o BUY NOW!PD

F-XChange Editor

w
w

w.tracker-software

.c
om

http://www.tracker-software.com/product/pdf-xchange-viewer
http://www.tracker-software.com/product/pdf-xchange-viewer


Clic
k t

o BUY NOW!PD
F-XChange Editor

w
w

w.tracker-software
.c

om Clic
k t

o BUY NOW!PD

F-XChange Editor

w
w

w.tracker-software

.c
om

http://www.tracker-software.com/product/pdf-xchange-viewer
http://www.tracker-software.com/product/pdf-xchange-viewer


Clic
k t

o BUY NOW!PD
F-XChange Editor

w
w

w.tracker-software
.c

om Clic
k t

o BUY NOW!PD

F-XChange Editor

w
w

w.tracker-software

.c
om

http://www.tracker-software.com/product/pdf-xchange-viewer
http://www.tracker-software.com/product/pdf-xchange-viewer


Saturation values: 

Deviation times: 

Chaotic case
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Saturation values: 

Deviation times: 

Integrable case
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Saturation values: 

Deviation times: 

Integrable case
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Saturation values: 

Deviation times: 

Chaotic case
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Coupled oscillators

Integrable for 

Chaotic when        close to zero
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Surface of sectionClic
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Initial state

Quantum

Direct product of coherent states
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Classical

Gaussian distibution

Results averaged over several initial distributions
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Results are 

averages over 50  

initial ensembels

with center 

randomly distributed

on the energy 

surface

chaotic

integrable
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integrable
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